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ABSTRACT: Mishra et.al (2008) proved a common fixed point theorem in fuzzy metric space by introducing
reciprocal continuity. In this paper we have extended and generalize the above result for fuzzy 3- metric

spaces.
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. INTRODUCTION

Fixed point theorems in fuzzy metric spaces satisfying
some contractive condition are a central area of
research now a day. The concept of fuzzy sets was
introduced by Zadeh [10] in 1965. After this fuzzy set
theory was further developed and a series of research
were done by severa Mathematicians. Kramosil and
Michlek [5] introduced the concept of fuzzy metric
space in 1975 and fixed point theorems for fuzzy metric
space was first obtained by Helpern [4] in 1981. Later
in 1994, George and Veeramani [3] modified the notion
of fuzzy metric space with the help of t-norm. Some
fixed point theorem in metric space are generalized to
fuzzy metric space by severa authors. There are
various ways to define a fuzzy metric space, here we
adopt the notion that, the distance between objects is
fuzzy, the abjects themselves may be fuzzy or not.
Dersanambika and Aswathy and Gahler [1], [2]
investigated the properties of 2-metric space in his
papers, and many authors investigated contraction
mappings in 2-metric spaces. Succeeding this, the
notion of 3-metric space was also introduced. We know
that 2-metric space is a real valued function of a point
triples on a set X, which abstract properties were
suggested by the area function in the Euclidian space,
whereas the 3-metric space was suggested by the
volume function. The idea of fuzzy 2-metric space and
fuzzy 3-metric space were used by Sharma [8] and
obtained some fruitful results. Motivated by Sharma
[8], we prove some common fixed point theorem in
fuzzy 2-metric space and fuzzy 3-metric space by
employing the notion of reciprocal continuity, of which
we can widen the scope of many interesting fixed point
theorems in fuzzy metric space.

II. PRELIMINARY NOTES

Definition 2.1. A triangular norm * is a binary
operation on the unit interval [0, 1] such that for all a, b,
¢, d O [0, 1] the following conditions are satisfied:
la*l=g
2.a*b=b* g
3.a*b<c*dwhenevera<candb<d
4.a*(b*c)=(a*b)*c.
Definition 2.2. The 3-tuple (X, M, *) is called a fuzzy
metric space, if X isan arbitrary set, * isa continuous
t - norm and M is a fuzzy set in X%x [0, ] satisfying
the following conditions: for all x,y,zUd X ands, t >0
C-1M(x,y,00=0
C-2M(x,y,t)y=1,fordlt>0,ifandonlyif x=y
C’-3M(X,y, 1) =M(y, x, t)
C-4M(x,y.t) * M(y, z,s) S M(x, z, t + 9)
C’-5M(x, v, .): [0.) — [0, 1] isleft continuous,
C-6lim,,, M(x,y,t)=1
Example 2.3. Let (X, d) be ametric space. Definea* b
=ab(ora*b=min{a b})andforal x,y X andt>
0,

t
M(X,y,t) = e
Then (X, M, *) is a. fuzzy metric space and this metric d
is the standard fuzzy metric.
Definition 2.4. A sequence {x,,} in afuzzy metric space
(X, M, *) is said to converge to x in X if and only if M
(%, x, 1) = 1 foreach t> 0.
Definition 2.5. Let (X, M, *) be afuzzy metric space A
sequence {x,} in X is called Cauchy sequence if and
only if M (xp4p. x5, ) =1foreachp>0,t>0.
Definition 2.6. A fuzzy metric space (X, M, *) is said
to be complete if and only if every Cauchy sequence in
X is convergent.
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Definition 2.7. A pair (f, g) of self maps of a fuzzy
metric space (X, M, *) is said to be reciprocal
continuous if

lim,., fgx, =fxand lim . gfx, =0ox

Then there exist a sequence {x,} such that lim,_,. fx,
lim,_. gx, =xforsomex 0 X

Definition 2.8. Two self maps A and B of a fuzzy
metric space (X, M, *) are said to be weak compatible
if they commute at their coincidence points, that is Ax
= Bx Implies ABx = BAx.

Definition 2.9. A pair (A, S) of self maps of a fuzzy
metric space (X, M, *) is said to be semi-compatible if
lim,_, ASx, = Sx whenever there exists a sequence
{x,} in X such

that

lim,_., Ax, = lim,_,, Sx, =xfor somex O X.
Definition 2.10. A binary operation * : [0, 1] x [0, 1] x
[0, 1] — [0, 1] is called a continuous t - norm if ([0,
1]), *) is an abelian topological monoid with unit 1 such
that a,* b; ¥ ¢; < a; * b, * ¢, whenever a; < a,, by
<b,, ¢y <c,forall ay, a,, by, by, ¢y, ¢y arein [0, 1].
Definition 2.1L.The 3-tuple (X, M, *) is called a fuzzy
2-metric space if X isan arbitrary set, * is a continuous
t-norm and M is afuzzy setin X3x [0, ] satisfying the
following conditions: for al x, y, z, u 0 X and t;, t;, t3
> 0.

C’-1M(x,y, z,0) =0,

C’-2M(x, Y,z t) =1, t>0and when at least two of
the three points are equal,

C-3 MK Y,z t) = Mx, z,y, ) = M(y, z X, 1)
(Symmetry about three variables)

C*-4 M(X, Y,z t; +ta+t3) =M(X, ¥, U, t;) *M (X, U,
Z,t)*M (u,y, z, t3)

(This corresponds to tetrahedron inequality in 2-metric
Space)

The function value M(X, y, z, t) may be interpreted as
the probability that the area of triangleislessthant.
C’-5M(x, ¥,z .): [0, ) — [0, 1] isleft continuous.
Definition 2.12. A sequence {x, } in a fuzzy 2 - metric
space (X, M, *) is said to converge to x in X if and only
if im,_,, M(x,,x,a,t)=1 foralalOX andt>O0.
Definition 2.13. Let (X, M, *) be a fuzzy 2-metric
space. A sequence {x,,} in X is called Cauchy sequence,
if and only if

lim ., M(xy4p Xp, a,t) =1foradlal X andp>0,
t>0.

Definition 2.14. A fuzzy 2 - metric space (X, M, *) is
said to be complete if and only if every Cauchy
sequencein X isconvergentin X.

Definition 2.15. A binary operation *: [Q, 1] x [0, 1] x
[0, 1] x [0, 1] — [0, 1] is called a continuous t- norm if
([0, 17), *) is an abelian topological monoid with unit 1
such that a,* by * ¢, *d, < a; * by * ¢, * dy
whenever @, < a,, by < b, ¢; <c¢, ,d; <d, forall a,,
a,, by, by, c1, ¢y ,d;,d, arein [0, 1].

Definition 2.16. The 3-tuple (X, M, *) is caled a fuzzy
3-metric space if X isan arbitrary set, * is a continuous
t - norm and M is a fuzzy set in X* x [0, «] satisfying
the following conditions: for all x, y, z, w, u 0 X and
g SR =) |

C-1 M(x,y,2z,w,0) =0,

C-2M(x, Y, z, w, t) =1, for al t >0, (Only when the
three simplex < x, y, z, w > degenerate)

C-3M (X, y,zw, ) =M (x,w,z, ¥, t) =M (y, Z, W, X,
=M (z,w, X, y, 1) =......

C-4M (X,y,Z, W, ty ttattg tt) =M (X, y,2, U, t;)
M (XY, U W, ) *M(x,u,z, W, t3) *M (U,Y, Z, w,
ts)

C-5M (X, ¥,2, W, .): [0, ) - [0, 1] isleft continuous.
Definition 2.17. A sequence {x,,} in a fuzzy 3-metric
space (X, M, #) is said to converge to x in X if and only
if lim,. M (x,,x,a,b,t)=1forala bOXandt>
0.

Definition 2.18. Let (X, M, *) be a fuzzy 3-metric
space. A sequence {x,,} in X is called Cauchy sequence,
if and only if lim . M (Xy4p, Xp,a,b,t) =1
foralabOX,p>0,andt>0.

Definition 2.19. A fuzzy 3-metric space (X, M, *) is
said to be complete if and only if every Cauchy
sequencein X isconvergentin X.

1. MAIN RESULTS

Theorem 3.1: Let (X, M, *) be acomplete fuzzy

metric space with continuous t-norm. Let A, B,

S, C, Rand T be self maps on a complete fuzzy

metric space satisfying q - (0.1)foral x,y
Xandt>0.

M (AXx, By, Cz,u,t) = [a M (Rx,Sy,Tz,u,t) + f min { M (Ry,Sz, Tx,u,t)

Where @ = 1 then A, B, Sand T have a
common fixed point.
Proof: Suppose x, € X be an arbitrary point. Then

there exists xq,x,, x3 € X

M (Rx, Sy,Tz,u, t)l
J]

M (Rz,8x,Ty,u,t)
such that Ax, = Tx,, Bx; = Sx, and Cx,=Rx5. Thus;
we can form sequences {z,}, {3}, {x,} in X such

that ¥on41 = AXon = TXone1s Yonsz = BXopsr =
SXons2, Yan+3 = Cxansz -RXopyes, forn=0, 1, ...
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M (Rx, Sy, Tz, u,t)
aM (Rx,Sy,Tz,u,t) + fmin{ M (Ry, Sz, Tx,u, t)
{ M (Rz,Sx, Ty, u,t)

M (¥V2n41: Yans2s Yansa, U 1) = M (Axgy, Bxopiq, Cxapys, u, t)
a M (Rxzp, Sxpn41, TXopni2, U, t)

M (Rxzn, SXzn+1, TXon42 U, t)

M (Ax, By, Cz, u, t) =

z +Bming M (Rxzpi1. S¥ons2, TXop, U, t)
M (RXan42, SXon, TXon 1y, U, t)
aM (Yzn, Yzne1) Yonazo U t)
S M (¥2n, Yans+1s Yonsz U t)

+pmin{ M (Vans1, Yons2) Yans U t)
M (V2042 Y2r Yansr U t)

M (Van+1> Yan+zs Yanes W t) 2 [(@ + B M (Y2, Yan+1, Yan+2, 4 )]

If (@ + ) =1, then M (Y41, YVons2: Yan+3s U ) 2 M (Von, Yans1, Yans2, s t)
Similarly M (Yansa. Yons+as Yanas, 1) > (M (Vani2, Yan+3s Yontas U 1))
More generally, M (¥n+1> Yns Y1, U ) > (M (Vn, Yn—1, Yn-2, u, 1))

Therefore {M (Vy41, Yu> ¥n_1, U, 1)} is an increasing sequence of positive real numbersin [0, 1] and tends to limit |
< 1. Weclaim that1 = 1. If 1 < | then

M (Vn+1s Yns Y1 U 1) > (M (Y, Ynogs Ynezs U, 1),

On taking n—w we get,

My M Vs Yoo Y-, ) > 1M M (U Yie1, Yr-zs 0 1),
Now for any positive integer p.

t
M Vs Yns1s Ynaps U ) 2 M Vs Yueas V2o Ynsws 551577
t

*M (Vnt1s YnizsYnt3r Ynsps

)
)

3(p—-1)+1
el
*M (Vn+2:Yn+3- Yntar Yn+p: 3(9_1}4.1]

----- *M(¥n+p-3» Ynap-25 Yn+p-1> Ynps m)
*M (Vnap-2s Ynip—1> Vn+ps Yn+p» ﬁtl"ﬂ)

=M (Vns Yat1s Yn+2s Z, )

*M (Vni1s Yni2:Yn+3
*M (Vn+2:Yn+3: Yn+ar
----- *M (Vn+p-35 Ynap-2> Ynep-15 Zs

*M (Yn+p-25 Ynip-1, Yn+ps Zs
Taking limits as n—o we have
. L t
im ye M (Vs Vit 1 Ynap W 1) 2 limy, L, M (J’wJ’nH'}’nH’J’nw'm

i
1My M (Va1 Ynsz Ynes Ynaps

3(p-1)+1

% =t

)

t
Z'J
3(p-1)+1

)

Ip-1)+1

)

3(p-1)11

)
)

3(p-1)+1
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t
3(p-1)+1

)
e iMpoo M(Vnap-3, Yntp-2 Ynap-1. Ynsps
|imn_,-,_~M(J’n’yn+1:yr1+2’z'3(p—ﬁ)

% =—7)
* My M(Yns2 Ynas Ynsar % Etl_)fl )

*

liMy 0 M(Vnt2, Yness Yniar Ynaps
_t
3(p-1)+1

)

v

*

My M (Vnsts Ynszs Ynsas

)

i
Ceeeeas ll”ln_‘r M(yn+p—3* y'n+p—2* yn+p—l’ Z, m

that is
My M s Vs 1 Ynapo W) 21¥ 11X 1% 1% *1=1
Which means {y,} is a Cauchy sequence in X. Since X is complete y,, 5w in X. That is{Axz,}, {Tx2n41)
{Bxsp411.88%2m12} {Cxonsa), {Rx2n43} also converges to w in X.
Thatis lim,. ., Rxyy - w, lim,_ ., Ax,, —w. Since (A, R) is semi compatible, lim,,_, ARx,, =R w. Also (AR)
isreciprocal continuous al'so, therefore, lim,,_,,, RAx,, — Aw. Combining this process we get Aw = Rw.
Now to prove that Aw = w, for if we consider that 4w # w. Then by the contractive condition,
a M (Rw, Sxzns1, TXon42, U, t)
M (Rw, $x2n41, TX2p42, U, t)

+B min{ M (RXzp41, SXop42, TW, U, t)
M (Rx2n+2l SW, Tx2n+ 1 U, t)

M (Aw, Bxgp 41, CXopgn. U, t) =

aM (Rw,w,w,1u,t)
M (Rw, w,w,u,t)
+fminy M (w,w,w,u,t)
M (w,w,w,u,t)

M (Aw, w, w, u, t) =

M (Aw, w, w, u, t) = (@ + f) M (Rw,w, w,u, t)

>M(Aw, w, w, u, t) for (@ - ) =1
Therefore Aw = w = Rw.

Since (B, S) and (C, T) are weakly compatible and reciprocally continuous, as above we get Bw = w = Sw and Cw =
w = Tw. Therefore A, B, C, R, Sand T has acommon fixed point.
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